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Solutions are in general not the original work of the author.

Problem 1)

The Hamiltonian is given by

H =
1

2m

{

(

px +
eH

2c
y

)2

+

(

py +
eH

2c
x

)2

+ p2

z

}

(1)

In the Heisenberg picture, the time evolution of the operators is given by:

ẋ =
i

h̄
[H,x] =

1

m

(

px +
eH

2c
y

)

(2)

ẏ =
i

h̄
[H, y] =

1

m

(

py −
eH

2c
x

)

(3)

ż =
i

h̄
[H, z] =

pz

m
(4)

ṗx =
i

h̄
[H, px] =

eH

2mc

(

py −
eH

2c
x

)

(5)

ṗy =
i

h̄
[H, py] = −

eH

2mc

(

px +
eH

2c
y

)

(6)

ṗz =
i

h̄
[H, pz] = 0 (7)

Introduce the cyclotron frequency ωc = |e|H
mc

,then,

ẍ = −ωc
py

2m
+
ω2

c

4
x−

ωc

2
ẏ = −ωcẏ (8)

ÿ = ωc
px

2m
+
ω2

c

4
y +

ωc

2
ẋ = ωcẋ (9)

z̈ = 0 (10)

The solutions of these equations are:
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x = r0 cos (t+ φ0) (11)

y = r0 sin (ωct+ φ0) (12)

z = z0 + pzt (13)

Problem 2)

The Hamiltonian in a magnetic field is given by:

H =
1

2m

(

p −
e

c
A

)

2

(14)

Therefore the operator k is given by:

k =
1

h̄

(

p−
e

c
A

)

(15)

Then

k × k =
1

h̄2

(

p× p−
e

c
p× A −

e

c
A× p +

e2

c2
A× A

)

(16)

The first and last terms vanish, leaving

k× k = −
e

h̄2c
(p × A + A× p) (17)

Now use p = −ih̄∇r and the relation

∇r × (Aψ) = (∇rψ) × A + ψ(∇r × A) (18)

and we arrive at

k× kψ = −
e

ih̄c
(∇r × A)ψ (19)

Or

k× k =
ie

h̄c
H (20)

Problem 3)

We give a semiclassical derivatino of the de Haas-van Alphen effect starting with the equation
of motion of the conduction electrons in a magnetic field H.

h̄k̇ =
e

c
v ×H (21)

This gives, assuming a common origin

h̄k =
e

c
r× H (22)
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Now use (see problem 2)

h̄k = p−
e

c
A (23)

and the Bohr-Sommerfield quantization rule

∮

p · dr = (n+ γ)2πh̄ (24)

where γ is a constant between 0 and 1. Then,

(n+ γ)2πh̄ =

∮

h̄k · dr +

∮

e

c
A · dr =

e

c

{
∮

r× H · dr +

∮

A · dr

}

(25)

Now
∮

r× H · dr = −

∮

r × dr · H = −2Sr ·H (26)

∮

A · dr =

∫

∇×A · dS = H · Sr (27)

where Sr is the area of the orbit. Thus we conclude that

Φ = H · Sr = (n+ γ)
2πh̄c

|e|
(28)

i.e. Flux through the orbit is quantized. Alternatively, the area of the orbit is quantized

Sr,n =
2πh̄c

|e|H
(n+ γ) (29)

Corresponding to and area in k-space

Sk,n =

(

|e|H

h̄c

)2

Sr,n = 2π
|e|H

h̄c
(n+ γ) (30)

For more detail and figures, refer to:
Kittel, Introduction to Solid State Physics Ch. 9
Ziman, Theory of Solids, Ch 9.7.

Problem 4)

a)

f(k, r, t) is the distribution function

(

∂f

∂t

)

coll

=

∫

dk′[fk′(1 − fk)wkk′ − fk(1 − f ′k)wk′k] (31)

=

∫

dk′wkk′(f ′k − fk) (32)

Due to the symmetry of the matrix element w.
For elastic collisions ǫ′k = ǫk and f is a function of the energy only. Therefore f0

k = f0

k′ and
(

∂f0

k

∂t

)

coll

= 0 (33)
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For the case of local equilibrium, f le(k, r) = f le(k′, r) and

(

∂f le
k

∂t

)

coll

= 0 (34)

The electric current is given as:

J(r) =
e

4π3

∫

dk(v)f(k, r) (35)

=
e

4π3h̄

∫

dk(∇kǫ)f(k, r) (36)

We know that the energy is an even function of k, so then the distribution (which depends
only on k through the energy) is even as well. Converseley, the gradient of an even function (the
energy) is odd (the velocity). Therefore this is an odd integral over symmetric limits, giving a
null result for the current when either f = f0 or f = f le.

b)

Liouville’s theorem states that for a conservative ensemble the magnitude of hte area occupied
by the ensemble in phase space is unchanged as a function of time.

d

dt
ρ(q1, ....., qN , p1, .....pN , t) = 0 (37)

where
ρ(q1, ....., qN , p1, .....pN , t)dq1....dqNdp1.....dpN (38)

is the probability of occupying the small volume, dq1....dqNdp1.....dpN in phase space at time t
Ashcroft and Mermin, Appendix H gives a semiclassical proof of this theorem, outlined

below

H(r, p) =
ǫn
h̄

(

p−
e

c
A(r, t)

)

− eφ(r, t) (39)

ṙ =
∂H

∂p
(40)

ṗ = −
∂H

∂r
(41)

H = ∇×A (42)

so the semi-classical eqns are

ṙ = ∇(k) =
1

h̄

∂ǫ

∂k
(43)

since ∇kφ = ∇kA = 0 and

h̄k̇ = −e[E(r, t) +
1

c
v × H(r, t) (44)
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Since the semiclassical equations have the same canonical Hamiltonian form for each band,
the regions of 6D r− p space should evolve in a way to preserve their volume. Also, since
k = p/h̄− e

h̄c
A a volume in r − p space will have the same volume as the corresponding region

in r− k space.
So for a semiclassical system, Liouville’s theorem holds.

Problem 5)

a)

The reason that the classical results come close to the quantum ones is that the electron wave-
packet can be labeled with a position and momentum simultaneously and hence the Boltzmann
equation can be written. In fact, the uncertanties ∆k and ∆x have to be much smaller than
the dimensions of the cell in which f(k, r, t) are defined and ∆x has also to be smaller than the
average distance between the scattering centers or the mean free path, i.e., the relaxation time
approximatino must be possible.

In the electrical conductivity calculation we have the distribution function:

f = f0 −
∂f0

∂ǫ
eτE · v (45)

= f0 −
∂f0

∂ǫ
∇kǫ ·E

eτ

h̄
(46)

= f0 −∇kf
0 ·
eτ

h̄
E = f0(k −

eτ

h̄
E) (47)

This means that the Fermi surface is displaced by eτ
h̄
E in k-space (if it is a free electron gas

then the displacement is rigid).
An equivalent picture is the electron in state k that gains energy eτv · E, like a classical

electron which travels a distance vτ through the E field. This is why the classical picture seems
to work in general.

Similarly, the thermal conductivity calculation:

f = f0 −
∂f0

∂T
τv · ∇T = f0(T − τv · ∇T ) (48)

So, electrons traveling from hot to cold regions lose an energy τv·∇T , and electrons traveling
from cold to hot regions gain an energy τv∇̇T . This result is equal to the classical calculation.

b)

If the impurities are dilute and the potential U(r) describing the interaction between an electron
and a single impurity at the origin is sufficiently weak, on can use the Golden Rule:

wk→k′ =
2π

h̄
niδ(ǫk − ǫ′k)|〈k

′|U |k〉|2 (49)

where the ni is the density of impurities. Since 1

τ
∝
(

∂f
∂t

)

coll
= wkk′, σ is proportional to

ni. If there is no scattering at all, the periodicity of ǫ(k) will cause oscillatory rather than DC

5



current if a DC field is applied. What happens is that, even at T → 0, it is difficult to get rid
of other scattering processes (like phonon emission and scattering by other kinds of defects),
so :

ρtot = ρDefects + ρimpurities → σT ∝
1

ρD + αni
(50)
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