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Solutions are in general not the original work of the author.

Problem 1)
a)

Calculate the mean square radius of a Cooper pair:
The Cooper pair wavefunction is given by:

so the mean square radius is:
<7‘2> — fr2|\Il|2dT
J 1w Zdr

The denominator is given by:

J1Pdr =3 al®)a) [ @6 dr = 3 alh)
k

k&

For the numerator we use a trick:

Vi¥(r)=0= Vg (Z a(k‘/)eikl'r> = FTVia(k) + ira(k)]
o

Upon summing over k we get
r¥(r) = ZZ e* TV a(k)
k

and therefore

/ P20 2dr = 3" Vial () Vialk) / =K"= 3™ 1T 4a(k)|?
k

k k!
and finally
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Using the approximation

1%
Vng/ = —5 for eg, e < e€p (8)
we get
C da\? 4C? C?
k)= d — ] = L. 9
k) = g—og o <ae) (E—200 ¢ T (E—2) ©)
2
Also, (%) = % = hzv%, and then
fo E— 2e 6 EE2E 5160 4 K202
<T2> — 4h2 f ( hz’l)%v ( - ) ‘OO — g E2F (10)
0 (E—2¢)2 26 2(E—2¢) 10
and 2 0 0
2:_£:ﬂ[w(g)v_1]% UF_ W NO)W < 1 11
(r?) BIE - VB L6 o for  N(0) (11)
So
hvp
(r?) ~ N & = coherence length (12)
b)
Let hkcp, denote the center of mass momentum. Then the Schrodinger equation gives:
h? 5
—2—(V + vg) +V \ijair = (E + 2€F)\ijai7" (13)
or
Bkt hon /2 + Bptkom 2ok + Y Vi = (E + 2ep)ag (14)
k/
where E = binding energy of the pair and Ej, = h2k2 As in class let’s define ¢, = Ej, — eF.
Then we obtain
ap =
Assuming Vi = —% for 0 < E < hwp we obtain the Cooper pair equation
Vv
1 — —5
k
but (€4t hom/2 = E—kthom/2) = 26k + hbar a2 ., 80, to first order in ke, the denominator is

given by E — 2¢, which is the same as that with ke, = 0.

The effect of ke, # 0 is on the boundary condition when we replace >, — [dk' —
[ de'dQN(0).

Before €1 = 0 and €5 = Aiwp. Now we have

€1 = o [k% 4+ 2kp - ke /2 + K2, ) —F & hopkey, cos 0/2 (17)
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to first order in k¢p,. It turns out that €1 = hvpken, | cos0|/2. The upper limit of the integral is
such that kg = /k% + k%, — kem| cos 0] /2 which leads to

€9 = hwp — hvpkem|cos]/2 ~ hwp (18)

since hwp is the dominating term. Keeping the k., term in the upper limit would contribute
only with a term like k2 in the final expression of E. Therefore, we have

w/2 €
1= Vun / a [ deN(e) (19)
0

Q hvpkem cos 6/2 E —2e
v /2 1 €D
— ——47TN(O)/ df {——ln(E — 26)] (20)
& 0 2 hvpkem cos0/2
1IN(O)V 2hwp ]
~5 1= 21
2 o " { E — hopkon (21)

For the weak coupling limit we have:

2Q
Ekcm = —2epeNOV + hkchF (22)

c)
If we just consider k., = 0, the single pair model has an energy gap, but if we consider
kem # 0, then the single pair model has a continuous spectrum (corresponding to various

values of ke,,) because as k., increases from zero, the pair binding energy decreases linearly. If

2Q
Ey =2epeNOV = hk.,,vr then

kT,  kgT 1
=B B 10 tem T ~ — (23)

k =
T hop €F 0

d)

For a triplet state the spatial wave function W(R = r — r’) has to be antisymmetric under
exchange of coordinates r and /. This means W(R) = W(—R) which implies that ¥ has
an angular dependence that contains at least the first odd spherical harmonics Y;™. So, if we
consider the same model as in the singlet case where Vjy = —% and has no angular dependence
we get (in the developement of the Bethe-Goldstone equation):

2ep— E)ar =V Y ap (24)
0<k'<kp
=V Z [ak/ + a_k/] =0 (25)

k’ in half sphere

So, there is no nontrivial solution for this equation and there is no binding energy. The triplet
state can be favored if the potential has a more attractive component with angular dependence
Vi—1. This is the case in He? superfluid.



Problem 2)
a)

Hpcs = Ho + Hipy

and
U = H {(uk + Ukb;i)} P
k

where

H() = 22 Ekb;rgbk, Hmt = Z ka’bzlbk/bzbk = nan_kl, bkb;rg = (1 — nm)(l — n—kl)
k kK’

So,
(U Ho|®) =2 e (@ol [ (w + vibr) b b (us + vib])| @)
k l
For [ # k we have the factors:

(u; + vlbl)(ul + ’Ulb}L) = ul2 + ulvl(bl + b}L) + U?blb;

which insides the brackets give 1. Therefore

(U[Ho| W) =2 ) ®o| (g + viby)bLbx (uy, + vb})| Do)
k

=23 e (Roluibl by + ugvi(bfbrbl, + biblby) + vibibLbbl|Po)

k
= 22 ekv,%
k

Now,

(U Hie|0) = >~ Vi (@0 T (wr + vibr) bl b (g + i} )| @)
kK l

Again, all factors [ # k, k' give 1 inside the bracket and we get

<\I/‘Hmt’\1’> = Z kar<@o‘(uk + Ukbk)(uk/ + Ukrbkr)b;rﬁ/bk(uk + Ukb;i)(ukf + Uk/bJ]i/’(I)0>
kK’

When k&’ the matrix element is
<> = <(I)0|(uk + Ukbk)bk(uk + Ukb};)(uk’ + Uk/bk/)bzl(uk/ + Uk/b};,|(1)0>

— (Do (upby, + upvg (bpbl, + b)) + V0301 (ud bl + wprvs (B + brrbl,) + v} birbl2) | ®o)

= <(I)0‘(0 + ukvk(l + 0) + 0)(0 + uk/vk/(O + 1) + 0)‘(I)o>

(29)



= UV Uk V! (39)
When k = k' the matrix element is:
= duiv} (40)

But this includes the self-energy terms which are also present in the normal state so we only
count one usv?, and

(W’HBcs‘\I/> =2 Z ek’l)]% + Z Vik U Vg v (41)
k k. k!
b)
Neglecting the chemical potential, let uy = sin 0y, v = cos 0. Then
(Hpcs) =2 Z €, cos? O, + Z Vi sin 0y, cos 0y, sin 05,/ cos 0, (42)
k kK
=2 Z € cos? Oy + = Z Vg sin 20;, sin 20y (43)
k K’
0 . .
— (Hpos) = —2¢;sin 26, + Z Vi sin 20,c0s20; = 0 (44)
00, . ’
€ tan 20, = Z Vi sin 20, = — Ay (45)
k/

Deﬁr}ci.ng E, = \/6% + A% together with tan 26, = —f—: and sin 26, = %—:, we get the BCS gap
equation:

1 Ag
Ap=—=Y Vip— 4
k 2% o (46)
Also,
o .o, 1 1
up = sin ek—g(l—COSZHk)—g 1+E— (47)
k
1 1
U]% = cos? 0, = 5(1 —+ cos 29k) = 5 (1 — ;—k> (48)
k
1
UV, = sin Oy cos 0y, = 3 sin 20, = AR2FE, (49)

Assuming that the potential is constant and attractive inside a with ep of the Fermi energy.
We want a solution such that Ag = A for |ex| < hwp.
Then, the gap equation becomes,

2

hw de
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Www

N | o a7 =
hw — .
— A= ——"+— ~2hwe MOV (with N(0)V < 1)
sinh NV

For the energy difference between the normal and superconductor states we get

Wy — Ws = (Hpcs)|a=0 — (Hpcs)| a0

_ 2 _ 2
=2 ; 6kvk|A:0_ =2 ; 6kvk|A;ﬁ0—Zk7k, ka/ukvkuk/vk/\A¢o(54)

B €L €L VA2 1
Ya(i-g)-Tali-5)+ 5 2 T

k €] k

2 2
B B €k VA 1
_zk:< \EkH—Ek)—F 1 ZEkEk/

kK
We saw that >, Eik = % S0,

> (-l g+ 5
Wy —Wg = —|€k|+_+ )
’ E; 2F;

hw €2 A2
= N©) [ de <—\e\ S+ 2E>

m2N(O)/0 de (—e+

Problem 3)

(51)

(52)

For the 3 square well model, find the transition temperature and show that when the exciton

Kernel is eliminated, the solution reduces to the two square well model.
From the gap equation:

hwe D (') ¢
D(e) = — K (e,€') tanh { ] de’
(¢) /hwc = (e,€') tan SR, €

and using
Ky = (K¢ — [Kp| — [Ke[)/2

Ky = (Kc - ’Ke‘)/z
Ky =K,/2



together with the definitions, from the gap integrals

we obtain

1.14
7, = ln( 61)

KBTC

Zy = In (6—2)
€1
€2

—Dy = D1 K1 Z1 + DyKoZo + D3 K3Zs3
—Dy = D1 KsZy + DyKoZo + D3 K3Zs3
—D3 = D1KsZy + DyKsZy + D3 K373

This system of equations has no solution unless the determinant vanishes. i.e.:

(K1 — Ko9)Z1 + 1)[(KoZy + 1) (K323 + 1) — K3 Z9 73] + [KoZy (K323 + 1) — K2 Z37,] = 0

which gives

— 7, = [—Kp—

K275 — Ko(KsZs + 1) -
(K2Zs + 1) (K323 + 1) — K2Z275

If K, =0 then Ky = K3 = K. and we obtain

K, -1
7= K.
! [ P Ken(es/er) + 1}
e 1.14 1 K
d4aeq . c
Z1 =1 = th K'=
! " (KBT0> K, — Kéw h ¢ 1+ Kcln(es/e1)

which is the two square-well model solution.

Problem 4)
a)

The operator for the electron-phonon interaction is

Veph = Z My(aq + aT—q)CL—qck

The electron-electron interaction by phonon exchange is V2, and from lecture:

GIVELF) = 5 S Ve ) 1Vepn )

where the initial state is give by

J

k,q

ee’

.
E;—E;,  FE —E;

’Z> = ‘k7 _kﬂnq7n—Q>

(66)

(67)

(68)



and the final state:
‘f> = ’k+Q7_k_q7nqun—q> (79)

and |j) is any possible intermediate state (here n, is the number of phonons in mode ¢ # 0
since T' # 0).

The possible intermediate states , |j), are:
80
81
82
83

|71

) =1k+4q,—k,ngn_qg+1)
‘]2> = ’ka —k — q,Ng + 17n—q>
)= )

‘j3 ’k +q, _kynq - 17n—q

(80)
(81)
(82)
lja) = |k, —k — q,ng,n—g — 1) (83)
where the first two are still possible as T — 0, since the mediating phonon is emitted first,
while the second two, where the absorption is the first process, no longer participate at 7" = 0.

Now, assuming e(k) = e(—k) and wy; = omega_4, we have the energey differences for each
intermediate state:

1) 0 Ef — Ej = €pyq— €6 — hwg;  Ej — Ej = —(€pyq — €x) — T (84)
ljo) 1 Ef — Ej = €pyqg— € — hwy;  Ej — Ej = —(€q — €1) — hwy (85)
lj3) 1 Ef — Ej = €pyqg — € + hwg;  Ej — Ej = —(€qq — €1) + hwy (86)
ja) : Ef — Ej = €ppq — &k + gy Ei — Ej = —(€pqq — €&) + hwy (87)

The Matrix Elements (Doing |j1) as an example,the others follow):

Vel ) = >° My (aq +a' )ehr, powlk+q.—k — q,nq,ng) (88)
k/7q/

For |j,) we need parts in the sum that destroy the electron at —k — ¢, create one at —k,

and create a phonon at —¢ — k' = -k —q,¢ = ¢
Thus, the only term of interest in Vg,p|f) is

kgl (89
M,y(aq + aT_q)c_'; a11)(89)
Only the aT_q is of interest, since the a, will generate a state orthogonal to |j1).

a-r—q|_>_7nq>n—q> = \/n—q+1|_a_’nqan—q+1> - <j1|‘/eph|f> = n—q+1Mq (90)

After some algebra:

(i|Vepnlin) = M—gyfn—q+ 1 (i|Vepnlf) = Mgy/n—q+1 (91)

(i[Vepnljz) = Mgy/ng+1  (j2Vepnlf) = M_qy/nq +1 (92)
(@[ Vepnlis) = M—gy/mg  (j3|Vepn| f) = Mqy/q (93)
(il Vepnlja) = Mgyn=q  (JalVepn|f) = M_q\/n= (94)



So, we finally have

1 1 1
iVRIF) = =MM_g(n_g +1+ng + 1 + 95
< ‘ ‘f> 9 q Q( q q ) <6k+q_€k:_hwq _(6k+q_6k) _hwq> ( )
1 1 1
+-M,M_,(ng+n_ + 96
21 a(nq ) <€k+q —ep +hwg  —(€prqg —€r) + hwq> (96)

Remembering that M, = M_,, so MyM_, = |M,|?, the above term becomes

2hwy
(€hrq — €)? — (hwy)?

(i[VELG) = | My[?
which is independent of temperature.

b)

The Electron-phonon self-energy: Using 2nd order perturbation theory, there are two interme-
diate states giving non-zero matrix elements for V,,, :

) =lk+q{n_g+1,..) (98)
2) = [k+q,{n_g—1,..1) (99)
Meaning one diagram emits and absorbs a phonon of wavevector ¢, while the other first absorbs,

then emits the phonon.

Ew — El =€ — €kyq — hwq (100)
Ew — E2 = €k — €k+4q + hwq (101)

The Matrix elements are given by:
(U Vepn|t) = Myg(1 — Nisg)y/n—q+ 1 (102)

(2|Vepnlb) = My(1 — Ni1q) /Mg (103)

Where Nj,, is an electron occupation number, so (1 — Ng14)? = (1 — Ni1yq)-

—¢+1 n
ABEepn = S (1 = Nyyg) | M2 | — = + “ 104
ph %( k—I—Q)’ q’ [Ek o Ek;—‘,-q o hwq €p — Ek;—‘,-q + hwq ( )
Using (ng) = (n_g) (thermal averages), this simplifies to:
—(2 1 _
AEeph _ Z(l _ Nk+q)|Mq|2hwq ( <nq> + )(Ek-i-q Ek) (105)

7 (€h+q = €r)* = (hwg)?

Where (n,) is given by a boson distribution with the chemical potential set to 0. Note that the
temperature dependence remains in the final answer.
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c)

Find N(0)V¢ and N(0)VB? for typical metals (actual numerical estimates).

3n 3 2m mkp
NO) ~ 22— == = 1
) Ser 2 (h2(37r2n)2/3> m2h? (106)
c 4re?
~ 7]{:2 i (107)

where ks is the Fermi-Thomas screening wave-vector. Choose q¢ ~ gpepye ~ m/lattice constant,
since k2 ~ ¢? (roughly), choose k2 + ¢% ~ 10%[cm™2]. kp ~ 10® for a typical metal so

NV~ 1 (108)

It should actually be closer to 0.1, but this is just a crude estimate.

Problem 5)
The operators are defined as
bL = CLTCT—klbk = Ck1C—k| (109)
where the
[es, el =[]y =0 G =c? =0 (110)
[cs,ci,]Jr =0y and cles =ng (111)
Therefore
[bk, bzl]— — C_lekTCE/TCT_k/l - CL/TCT_k/lc_lekT (112)
= CkTC.‘];:’TC_klcT—k‘/l - CL’TCchT—k’LC—kl (113)
(5kk’ — CL’TCkT)(ékk’ — CT—k’Lc—kl — CJIL’TCchT—k’lC—kl (114)
= (1 — 1 — ng))Oknr (115)
bi = C_k|Ck1C—Ek|CkT = —Cz_leiT =0 (116)
622 = ch_kchTcT_kchT = —cT_kchTz =0 (117)
From the commutator:
[bk, b;]_ = C—k|Ck1C—k/ | Ck/T — C—k/ | Ck/'1C—k| CkT (118)
= C_k' | Ck'1C—k|Ck — C—k' | Ck'1C—k | CkT (119)
=0 (120)
we get
[bk, bk/]+ = Qbkbk/(l — 6kk’ (121)
and from [b, b};,]_ above we get
[bk, bz’]"r = (1 — Ny — n_kl)ékkr + QbL/bk (122)
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